Abstract-We propose a simple yet effective modification to significantly improve the accuracy of the finite-difference time-domain (FDTD) near-to-far-field (NTFF) transformation for calculating the backscattering of objects having strong forward-scattering lobes. In the modified approach, we merely omit integrating over the near-field plane located in the forward-scattering region. We validate the proposed approach via comparison with rigorous analytical solutions of plane waves scattered by single and multiple dielectric spheres.
I. INTRODUCTION

S
INCE introduced in the early 1980s [1] , the near-to-far-field (NTFF) transformation has been routinely used in the finite-difference time-domain (FDTD) method [2] for calculating antenna scattering patterns and radar cross sections. The standard NTFF formulation is based on the surface equivalence theorem [2] . In this approach, the scattered E and H fields tangential to a closed virtual surface surrounding the structure of interest are computed via FDTD and integrated over the entire surface to provide the far-field response. Since the virtual surface is independent of the geometry of the enclosed scatterer, it is usually chosen as a rectangular shape to conform to the standard Cartesian FDTD grid. Using the standard FDTD-NTFF scheme, far-field scattering amplitudes and phases can be calculated for any scattering angles. In this paper, we focus our discussion on the calculation of far-field backscattering spectra, which are important for many applications.
Experimentally, backscattered signals are obtained with a monostatic radar configuration. These signals can be used to detect and identify scattering structures in radar-imaging and remote-sensing applications [3] , [4] . More recently, it has been demonstrated that backscattered light spectra, which can be measured noninvasively from biological tissues and cells, can provide valuable medical diagnostic information [5], [6] . In fact, applications in optical tissue diagnosis have motivated a series of recent FDTD-based numerical studies for understanding light scattering by complex material shapes in the 1-10 wavelength size [7] - [9] . Such objects are generally characterized by strong forward-scattering lobes [4] . However, we have observed from our FDTD numerical studies that accurate calculation of backscattering spectra is challenging for such objects. Here, converged backscattering results require a spatial resolution that is much finer than , which usually suffices for the forward-scattering calculation. This requirement for very fine resolution poses a significant computational burden.
In this paper, we present a numerical investigation which leads to a simple technique to improve the accuracy of the far-field backscattering calculation in the FDTD-NTFF method for strongly forward-scattering objects. We first show that, for an object with strong forward scattering, a small percentage numerical error in calculating the fields along the NTFF plane located in the forward-scattering region results in a large discrepancy in the calculated far-field backscattering. Based on these numerical observations, we propose a simple yet effective modification to significantly improve the accuracy of the FDTD-NTFF transformation for calculating the backscattering of such objects. In our modified approach, we merely omit integrating over the NTFF plane located in the forward-scattering region. We validate the proposed approach via comparison with rigorous analytical solutions of plane waves scattered by single and multiple dielectric spheres.
II. ACCURACY DEGRADATION IN THE FDTD BACKSCATTERING CALCULATION FOR STRONGLY FORWARD-SCATTERING OBJECTS
We first illustrate the accuracy degradation in the FDTD farfield backscattering calculation for strongly forward-scattering objects via comparison with the exact solution (Mie theory) [4] for dielectric spheres. In our FDTD simulations, the geometry of a dielectric sphere is imported to a cubic-cell three-dimensional FDTD spatial lattice ( nm) using a staircasing scheme. We terminate the FDTD lattice using a Berenger perfectly matched layer (PML) absorbing boundary condition [10] . Using the pure-scattered field formulation [11] , we excite the sphere with an impulsive plane wave having spectral content in the 500-1000 nm wavelength range. The phasor-domain scattered-field response is extracted via a discrete Fourier transform of the time-domain data recorded on all six NTFF planes, normalized by the source spectrum. Then, we integrate these phasor-domain field components to obtain the far-field scattered amplitudes in both the forward and backward directions. Fig. 1 compares the FDTD-NTFF calculated spectra with Mie theory for two dielectric spheres of diameters m and m. As illustrated in Fig. 1(a) , the FDTD-calculated forward-scattering spectra closely match the analytical values with a 5% maximum error for both sphere diameters. However, as shown in Fig. 1(b) , the FDTD-calculated backscattering spectra deviate significantly from the analytical values. The accuracy degradation in the backscattering calculation is more evident for the larger sphere, which has a stronger forward-scattering lobe. We note that our grid resolution, on the order of (25 nm in this case), is commonly used in FDTD simulations.
III. THE SOURCES OF ERRORS OF THE STANDARD FDTD-NTFF BACKSCATTERING CALCULATION
We next investigate possible causes of the poor quality of the FDTD far-field backscattering calculation. In the standard FDTD-NTFF method, errors in the far-field calculation can be traced to two sources: the numerical error in calculating the near-field components used for the NTFF virtual-surface integration, and the error caused by the discrete numerical integration over the virtual surface. To separate these two effects, we again focus our discussion on the problem of plane wave scattering by spheres, where analytical solutions are available to serve as benchmark data. The Lorentz-Mie theory is well known for providing rigorous solutions for far-field scattering properties of spheres [4] . Less well known is that this theory also provides rigorous near-field solutions. By computing the exact near-field components along the NTFF virtual surface and then numerically integrating them to generate the far-field data, we are able to isolate the effect of the discrete numerical integration over the virtual surface [12] . Fig. 2 shows the results of far-field backscattering calculations implemented by integrating the exact near-field components for the dielectric spheres examined in the two cases of Fig. 1 . The exact near-field components are calculated at the same discrete spatial positions as for the FDTD simulations. Then, the discrete NTFF numerical integration is performed following the same procedure as for the results shown in Fig. 1(b) . We see that there is much better agreement with the direct exact Mie far-field calculations for both sphere diameters. Note that the only change here relative to Fig. 1(b) is that the FDTD-calculated near-field components are replaced with exact analytical values. Based on these results, it is evident that the poor calculation accuracy exhibited in Fig. 1(b) is primarily caused by the inaccuracy of the FDTD near-field calculation itself.
We next examine the FDTD-calculated field distribution and its associated errors via comparison with the exact solution at two key planes of the rectangular NTFF virtual surface, as shown in Fig. 3(a) : the forward NTFF plane and the backward NTFF plane. Fig. 3(b) and (c) shows E-field distributions at the forward and backward NTFF planes bracketing a 3-m dielectric sphere for a nm illumination. With a diameter and a permittivity , this sphere has a strong forward-scattering lobe. Therefore, the field magnitude at the forward NTFF plane is much stronger than at the backward NTFF plane, as illustrated by the color scales of Fig. 3(b) and (c). Fig. 3(d) and (e) shows the magnitude of the error of the FDTD-computed E-field compared with the exact solution. For both the forward and backward planes, the average relative errors are less than 5% ( % and %). However, the absolute error of the E-field calculation along the forward plane is much greater than the absolute error on the backward plane due to the strong forward-scattering lobe. In fact, for the example shown in Fig. 3 , the error magnitudes along the forward plane ( V/m) are comparable in magnitude to the total value of the scattered fields along the backward plane ( V/m). Therefore, it is logical to postulate that the numerical error in the field calculation in the FDTD calculation along the forward plane can significantly contaminate the near-to-far-field transformation in the backscattering direction.
Based on additional numerical experiments, we determine that further optimization of the PML layer or using permittivity averaging to smooth the staircasing does not provide substantial improvement in our case. In order to improve the quality of the near-field calculations, we need to either increase the grid resolution or implement an alternative FDTD scheme with a higher order of accuracy. These approaches inevitably require more computational resources and/or a higher level of coding complexity.
IV. A SIMPLE TECHNIQUE FOR ACCURACY IMPROVEMENT IN FAR-FIELD BACKSCATTERING CALCULATION
Instead of trying to improve the near-field calculation, we propose a simple technique to circumvent the problem of significant numerical error in the FDTD field calculations along the forward plane of the NTFF virtual surface. In order to avoid the error contamination in the backscattering calculation, we simply omit the forward plane of the virtual surface from the NTFF surface integration when calculating the far-field backscattering. This approach is obviously an approximation to the rigorous surface equivalence theorem, wherein integration over a closed virtual surface completely surrounding the scattering object is required. However, our approximation can be justified by the fact that the Poynting vectors of scattered waves propagating through the forward plane of the NTFF virtual surface approximately point in the forward direction, and, therefore, should have only a small contribution to the far-field backscattering. Our hypothesis is that, for a strongly forward-scattering object, the improved accuracy in omitting the forward-plane field integration may substantially outweigh the loss of accuracy caused by the incomplete surface integration.
We now present numerical evidence that support our hypothesis. Fig. 4(a) compares the backscattering spectra calculated by the original FDTD-NTFF method and our modified approach for the m sphere of Fig. 1 . We see that, by omitting the forward plane of the virtual surface from the NTFF surface integration, we considerably improve the accuracy of the backscattering spectrum calculation at all wavelengths examined with no additional requirement for computational resources. Fig. 4(b) repeats the calculation for a series of dielectric spheres of diameters ranging from 1 m to 5 m. Here, we used a root-mean-square (rms) error functional to characterize the accuracy of the FDTD-calculated backscattering spectrum comparing with the far-field analytical solutions. In general, the forward-scattering lobe gets stronger as the size of the dielectric sphere increases. Consequently, the accuracy of the original FDTD-NTFF backscattering calculation deteriorates with increasing size of the sphere. However, omitting the integration over the forward NTFF plane gives substantially improved accuracy, especially for larger spheres, where the effect of staircasing is less prominent. The RMS error of the calculated backscattering spectrum stabilizes at about 2% for larger spheres for the modified FDTD-NTFF method. This is about th of the RMS error of the original FDTD-NTFF approach.
As an additional validation, we calculate the backscattering spectra of aggregations of dielectric spheres using both the original and the modified FDTD-NTFF methods, and compare to the analytical values. A rigorous analytical solution based on an extension of Mie theory for plane-wave scattering by an aggregation of spheres has been developed, implemented, and validated by Xu et al. [13] . This solution provides us with benchmark data for evaluating the calculation of scattering by nonsymmetrical structures. We have compared the results of our modified FDTD-NTFF technique with the analytical solution of Xu et al. for several different aggregations of dielectric spheres with total dimensions spanning up to 10 . An RMS accuracy for the backscattering spectrum of better than 10% has been observed for all cases examined. Fig. 5 illustrates an example where we calculate the backscattering spectra of a three-sphere aggregation. Similar to our findings for the single dielectric sphere, it is clear that omitting the forward plane from the NTFF integration greatly improves the accuracy in calculating backscattering.
V. SUMMARY AND DISCUSSION
In this paper, we analyzed the accuracy degradation in the FDTD-NTFF far-field backscattering calculation for strongly forward-scattering objects. We found that numerical errors in the FDTD field calculation along the forward plane of the NTFF virtual surface contaminate the backscattering calculation. We proposed to improve the accuracy of the backscattering calculation by omitting the forward plane of the NTFF virtual surface from the NTFF surface integration. For both isolated dielectric spheres and aggregations of dielectric spheres, we demonstrated that our proposed approach significantly improves the accuracy of the backscattering calculation with zero increase of the computational burden.
In addition to having applications in numerical studies related to biophotonics, the method proposed in this paper may provide improved FDTD modeling of the monostatic radar cross section of certain types of low-observable aerospace vehicles.
